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You want fair results from a biased coin. What 
can you do?

❏ Toss it twice. If both results are the same, 
toss it again. If they’re different, take the 
first result.

❏ Alternate between putting heads or tails on 
top in the starting position.

❏ Place the coin on its side and give it a side 
spin.



Bayesian Statistics

󰞹 Statistical Reasoning Lecture #7
     Alexander Savi, 2025
📚 Mehmetoglu & Mittner Ch. 15 Dynamic Textures #382 by Claus O. Wilke 🎨

a different take on probability

https://clauswilke.com/art/


Practice mode

❏ Assignment 1 to 6 open in practice mode 
on Monday after lecture latest (practice 
with answers, not able to submit)

❏ Assignment 7 opens Saturday 10AM latest

📢 Announcements
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Assignment 7

❏ Deadline Friday 23:55
❏ Graded Tuesday



Topics

1 | Statistical reasoning with GLM
2 | Multiple linear regression
3 | Dummy-variable regression
4 | Logistic regression
5 | Multilevel and longitudinal analysis
6 | Statistics superpowers
7 | Bayesian statistics (a brief introduction)

7.1 | Bayes theorem
7.2 | Bayes factor
7.3 | Bayesian parameter estimation
7.4 | Frequentist vs. Bayesian inference

🔮 Today

Lecture

Conceptual understanding using a simple 
example

Assignment

Conceptual understanding & Bayesian 
regression in practice (requires book)
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Bayes’ Theorem

Dynamic Textures #382 by Claus O. Wilke 🎨

the probability of a hypothesis given the data

https://clauswilke.com/art/


Mental disorder diagnosis

— Stanford Medicine (Aug. 29, 2025)
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https://med.stanford.edu/news/all-news/2025/08/adhd-preschoolers.html


 

Mental disorder diagnosis

Data: 📋 positive test result
Hypothesis: 🫨 ADHD

Then, what would P(🫨 | 📋) be? 🦸
🦹 High, I hope?

Sure, but how can you tell? 🦸
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Mental disorder diagnosis

🫨 🤗
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Data: 📋 positive test result
Hypothesis: 🫨 ADHD

Then, what would P(🫨 | 📋) be? 🦸
🦹 High, I hope?

Sure, but how can you tell? 🦸

fictional



 

Base rate

“It is the proportion of individuals in a population 
who have a certain characteristic or trait.”

— Wikipedia
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What scientific concept would improve everybody's cognitive toolkit?

https://en.wikipedia.org/wiki/Base_rate
https://www.edge.org/responses/what-scientific-concept-would-improve-everybodys-cognitive-toolkit


 

Base rate fallacy

“[A] type of fallacy in which people tend to ignore 
the base rate (e.g., general prevalence) in favor 
of the individuating information (i.e., information 

pertaining only to a specific case).”

— Wikipedia

Interesting, let me ask it differently. Out of the number of 
people who test positive, how many have ADHD? 🦸

🦹 That’s easy, it’s 9/29 ≈ .3

That’s not high at all… 🦸
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https://en.wikipedia.org/wiki/Base_rate_fallacy


P(H | D) = (P(H) × P(D | H)) / P(D)  

Bayes’ theorem
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📖 15.0



 

Prior

P(H | D) = (P(H) × P(D | H)) / P(D)

P(H) =   / (  +  ) = 10 / (10 + 100) = .09

🦹 This would be the probability of ADHD
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Likelihood

P(H | D) = (P(H) × P(D | H)) / P(D)

P(H) =   / (  +  ) = 10 / (10 + 100) = .09

P(D | H) = 📋 /   = 9 / 10 = .9

🦹 The probability of a positive test result, given ADHD

Weird, it somehow reminds me of frequentist statistics 🦸
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P(H | D) = (P(H) × P(D | H)) / P(D)

P(H) =   / (  +  ) = 10 / (10 + 100) = .09

P(D | H) = 📋 /   = 9 / 10 = .9

P(H) × P(D | H) = 📋 / (  +  ) = .09 × .9 = .08

🦹 The probability of a positive test result and ADHD

 

Prior × likelihood 

14

🫨 🤗

📋
📋
📋
📋
📋
📋
📋
📋 📋 📋 📋 📋 📋 📋 📋 📋 📋 📋
📋 📋 📋 📋 📋 📋 📋 📋 📋 📋 📋

Remember the product rule?



 

Marginal likelihood

P(H | D) = (P(H) × P(D | H)) / P(D)

P(H) =   / (  +  ) = 10 / (10 + 100) = .09

P(D | H) = 📋 /   = 9 / 10 = .9

P(H) × P(D | H) = 📋 / (  +  ) = .09 × .9 = .08

P(D) = (P(H) × P(D | H)) + (P(¬H) × P(D | ¬H)) =

 .08 + .18 = .26

🦹 The probability of a positive test result

15

🫨 🤗

📋
📋
📋
📋
📋
📋
📋
📋 📋 📋 📋 📋 📋 📋 📋 📋 📋 📋
📋 📋 📋 📋 📋 📋 📋 📋 📋 📋 📋



 

Posterior

P(H | D) = (P(H) × P(D | H)) / P(D) = .08/.26 ≈ .3

P(H) =   / (  +  ) = 10 / (10 + 100) = .09

P(D | H) = 📋 /   = 9 / 10 = .9

P(H) × P(D | H) = 📋 / (  +  ) = .09 × .9 = .08

P(D) = (P(H) × P(D | H)) + (P(¬H) × P(D | ¬H)) =

 .08 + .18 = .26

🦹 The probability of someone with ADHD, given a 
positive test result.
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Posterior

P(H | D) = (P(H) × P(D | H)) / P(D) = .08/.26 ≈ .3

P(H) =   / (  +  ) = 10 / (10 + 100) = .09

P(D | H) = 📋 /   = 9 / 10 = .9

P(H) × P(D | H) = 📋 / (  +  ) = .09 × .9 = .08

P(D) = (P(H) × P(D | H)) + (P(¬H) × P(D | ¬H)) =

 .08 + .18 = .26

Remember the rephrased question “Out of the number of 
people who test positive, how many have ADHD?”, it’s the 

exact same! 🦸
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Bayes’ theorem

 P(H🫨 | D) = P(H🫨) × P(D | H🫨) / P(D) ≈ .3
P(H🤗 | D) = P(H🤗) × P(D | H🤗) / P(D) ≈ .7 (‘null’ 
hypothesis)
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Bayes Factor

Dynamic Textures #382 by Claus O. Wilke 🎨

comparing the evidence for two hypotheses

https://clauswilke.com/art/


“The Bayes factor is a ratio of two competing 
statistical models represented by their evidence, 

and is used to quantify the support for one 
model over the other.”

— Wikipedia

 

Bayes factor
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That sounds a lot like an odds ratio 🦸

📖 15.3.3

https://en.wikipedia.org/wiki/Bayes_factor


 

Bayes factor

K = P(D | H🫨) / P(D | H🤗) = ?

P(H | D) = (P(H) × P(D | H)) / P(D)
P(D | H🫨) = 📋 /   = 9 / 10 = .9
P(D | H🤗) = 📋 /   = 20 / 100 = .2

K = P(D | H🫨) / P(D | H🤗) = 4.5

● Continuous degree of evidence (vs. 
all-or-none)

● Monitor evidence during data collection
● Evidence of absence (data support a null 

effect) and absence of evidence (data are 
not informative)
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Bayes factor interpretation

Bayes factor Interpretation

>100 Decisive evidence for HA
30–100 Very strong evidence for HA
10–30 Strong evidence for HA
3–10 Substantial evidence for HA
1–3 Anecdotal evidence for HA
1 No evidence
1/3–1 Anecdotal evidence for H0
1/10–1/3 Substantial evidence for H0
1/30–1/10 Strong evidence for H0
1/100–1/30 Very strong evidence for H0
<1/100 Decisive evidence for H0

22📖 15.3.3 Illustration by Eric-Jan Wagenmakers & Viktor Beekman

https://www.bayesianspectacles.org/artwork-library/


Bayesian Parameter 
Estimation

Dynamic Textures #382 by Claus O. Wilke 🎨

https://clauswilke.com/art/


🪙: theta = P(Heads)

“Which values of theta are good estimates (H), 
given my data (D)?”

P(H | D) = (P(H) × P(D | H)) / P(D)

🎲 Prior belief
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💡 How to get fair results from a biased coin?

https://en.wikipedia.org/wiki/Fair_coin#Fair_results_from_a_biased_coin


● Prior belief/information
● Uninformative/informative
● Weakly/strongly informative
● Skeptical
● Point-valued

Prior distribution P(H)
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💡 Beta distribution

https://statmodeling.stat.columbia.edu/2015/07/15/prior-information-not-prior-belief/
https://en.wikipedia.org/wiki/Beta_distribution


 
Quote of the week
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Illustration by Eric-Jan Wagenmakers & Viktor Beekman

https://www.bayesianspectacles.org/artwork-library/


 
dbinom(x = k, size = n, prob = seq(0, 1, 
.01))

Likelihood distribution P(D | H)
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n = 15; prob = .5

prob = .5



Posterior distribution P(H | D)

P(H | D) = (P(H) × P(D | H)) / P(D)

P(D) (marginal likelihood distribution): “integral 
of doom” 💀
But, beta distribution is conjugate prior of 
binomial distribution:

For a prior theta~Beta(a,b) and data k and N, 
the posterior is theta~Beta(a+k,b+N−k).
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Quote of the week
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Illustration by Eric-Jan Wagenmakers & Viktor Beekman

https://www.bayesianspectacles.org/artwork-library/


Frequentist ⚔ Bayesian

Dynamic Textures #382 by Claus O. Wilke 🎨

https://clauswilke.com/art/


Frequentist inference: What’s the probability of 
the data, or more extreme data, given the null 
hypothesis?

Bayesian inference: What’s the probability of a 
hypothesis, given the data?

🔁 Recap
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Some key differences

Probability

❏ the long-term frequency of events

Parameters

❏ fixed and unknown, point estimate

Data

❏ random, subject to sampling variability

Hypothesis

❏ reject or do not reject H0

Probability

❏ a degree of belief

Parameters

❏ random, probability distribution

Data

❏ fixed

Hypothesis

❏ probability of H
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Pros & cons

Computation

❏ less intensive (often analytical solutions)

Repeated testing

❏ increases type I error (or use e-value)

Evidence for H0

❏ no (but model comparison with likelihood 
ratio tests)

Support

❏ well-supported

Computation

❏ intensive techniques to approximate posterior 
distributions

Repeated testing

❏ no type I error (unless Bayes factor cutoff): 
fishing, stopping when criterion is used, etc.

Evidence for H0

❏ yes

Support

❏ increasingly supported (brms, JASP)
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Similar results, but

Both give highly similar results, but can diverge 
with:

❏ informative priors
❏ small samples
❏ complex models
❏ optional stopping
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Cooling Down

Dynamic Textures #382 by Claus O. Wilke 🎨

https://clauswilke.com/art/


🥡 Takeaways
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Illustration by Randall Munroe (wtf / 🔥)

https://xkcd.com/1132/
https://xkcd.wtf/1132/
https://statmodeling.stat.columbia.edu/2012/11/10/16808/


🥡 Takeaways

37

Illustration by Randall Munroe (wtf)

https://xkcd.com/2476/
https://xkcd.wtf/2476/


🥡 Takeaways
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Illustration by Randall Munroe (wtf)

https://xkcd.com/1236/
https://xkcd.wtf/1236/


🥡 Takeaways

Kievit, 2011 🔒

39

https://doi.org/10.1177/1745691611406928


Takeaways
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Illustrations by Kristoffer Magnusson

https://rpsychologist.com/viz#posters


 Sir Ronald Fisher test positief op Covid en vraagt 
zich nu af hoe hoog de kans is dat hij ook 
daadwerkelijk besmet is met het virus. Hij heeft een 
aantal feiten opgezocht.

● Van alle mensen test 1 op de 5 positief.
● Van de mensen die besmet zijn met Covid 

test 9 op de 10 positief.
● 1 op de 1000 mensen heeft Covid.

Wat is nu de kans dat Sir Ronald Fisher besmet is 
met het Covid virus?

A. .001
B. .0045
C. .2
D. .9

🥇 Exam(ple) question
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Bayes theorem

● Explanation video (3Blue1Brown)
● Product rule (prior × likelihood) 

(3Blue1Brown)
● Interactive visualization (Seeing Theory)
● Redefining Bayes rule (3Blue1Brown)

Prior and posterior

● Interactive visualization (Seeing Theory).

Likelihood

● Interactive visualization (Seeing Theory).

🗃 Look here!

Bayesian inference

● Web simulation (Kristoffer Magnusson)
● Brief introduction (Johnny van Doorn)

Bayesian meets frequentist

● Side-by-side Shiny app (John Kruschke)
● Video tutorial for Shiny app (Eero Liski)

👶 Bayesian thinking for toddlers (Eric-Jan 
Wagenmakers)
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https://www.3blue1brown.com/lessons/bayes-theorem
https://www.3blue1brown.com/lessons/bayes-theorem-quick
https://seeing-theory.brown.edu/bayesian-inference/index.html#section1
https://www.3blue1brown.com/lessons/better-bayes
https://seeing-theory.brown.edu/bayesian-inference/index.html#section3
https://seeing-theory.brown.edu/bayesian-inference/index.html#section2
https://rpsychologist.com/d3/bayes/
https://johnnydoorn.github.io/BayesBookQuarto/
https://iupbsapps.shinyapps.io/KruschkeFreqAndBayesApp/
https://www.youtube.com/playlist?list=PLLiSq4pLlOEDtbKXx05hNVU1ortH4BTUD
https://psyarxiv.com/w5vbp/
https://psyarxiv.com/w5vbp/


✍ Colophon

Slides
alexandersavi.nl/teaching/

License
Statistical Reasoning by Alexander Savi is licensed under a Creative Commons 
Attribution-ShareAlike 4.0 International License. An Open Educational Resource. 
Approved for Free Cultural Works.
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