Statistical Reasoning
Factorial Analysis of Variance (ANOVA)
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A coterie of tech insiders be xve;\fh@“ prediction markets{ can fix social
ills. Are they right? T /

— The New York Times (Oct. 8, 2023)



https://web.archive.org/web/20231009084401/https://www.nytimes.com/2023/10/08/technology/prediction-markets-manifold-manifest.html
https://en.wikipedia.org/wiki/Prediction_market
https://en.wikipedia.org/wiki/Observer_effect

. Pub quiz

Uit hoeveel procent water bestaat een komkommer?
A 83%
B 92%
C97%



Previously, on statistical reasoning

Total variability

F = explained variance / unexplained variance
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& What will we learn today?

Topics

Statistical reasoning
Empirical cycle
Probability distributions
Frequentist inference

Sample / sampling distribution

Central limit theorem
Normal distribution
P-value

Type l/ll errors
Effect size
Confidence interval
Power

Test statistics

Linear regression
t-Test

Moderation
F-distribution
Nonparametric inference
ANOVA

Questions

How can we analyze models with multiple
(categorical) independent variables?

How can we analyze models with repeated
measurements for multiple (categorical)
independent variables?



ANOVA

Comparing...

two means (t-test)

several means (one-way ANOVA)
several means for several independent
variables, measured between groups
(independent factorial ANOVA)

several means for several independent
variables, measured within groups
(repeated measures factorial ANOVA)
several means for several independent
variables, measured between and within
groups (mixed-design ANOVA)

Number of independent variables

e 1 one-way
e >1two-way, three-way, ... (factorial)

Type of measurement
e independent (between subject)
e repeated measures (within subject)
e  mixed (both)

Type of independent variable

e  categorical (ANOVA, but GLM)
e  continuous (regression)

Number of dependent variables

e 1ANOVA
e >1MANOVA



Independent factorial ANOVA

'De student als consument maakt
'vrouwelijke docenten extra kwetsbaar

1
| Nieuws | door Frans van Heest
1

i 13 september 2023 | Vrouwelijke docenten worden aantoonbaar gediscrimineerd door

Q. Is the effect of sex on rating modified by
rank?

H. The effect of sex on rating is larger for lower
ranked female teachers than for higher ranked
female teachers. ,

| studentenevaluaties, maar toch blijft het instrument voor veel universiteiten belangrijk om

1
' medewerkers te beoordelen. Cursusevaluaties moedigen echter middelmatig onderwijs

E. In the open evals data set, | expect ... ,

\ Rank

Sex Rating



https://www.scienceguide.nl/2023/09/de-student-als-consument-maakt-vrouwelijke-docenten-extra-kwetsbaar/

Student evaluations

N

library(“moderndive”)
help(evals)
mod <- score ~ gender + rank + gender : rank

with(evals, table(gender, rank))

gender
female

male

> str(evals[, c("score", "gender", "rank")])

tibble [463 x 3] (S3: tbl_df/tbl/data.frame)

numA 463835383 8ININIEINARIFATINATI 58 3
$ gender: Factor w/ 2 levels "female","male": 1 1 1

Factor w/ 3 levels "teaching","tenure trac

$ score :

$ rank
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Decomposition of variability

Total variability

Formulas
Variance Sum of squares df Mean squares _F-Etio_ _
Model SSmotel = X mi(Xi — X)? modet =1 o=t |

A SSa = X me(Xe — X2 -1 S =

B SSp = X m(Xx — X)? ks —1 s =

AB SSaxe = SSmotel — SSA —SSp dfaxdfs B {%
Error SSerror = X 52 — 1) L
Total SSotal = SSmodel + SSerror N-1 =

10



Unexplained variance

Formulas

Variance Sum of squares df Mean squares  F-ratio
Model SSmodel = X nk(Xi — X)? kmodel — 1 zfijll %
A SSa = Y Xk — X)? ky —1 % J/;s:
B SSp = X m(Xx — X)? kg =1 % Nbéss
AB SSaxi = SSmotel ~ SSA —SSp  dfa X dfy =
: Error SSerror = X, 57 (nk — 1) N = knodel %
Total SStotal = SSmodel + SSerror N-1 ‘Si?:l:

var_score_k1l <- var(subset(x
var_score_k2 <- var(subset(x
var_score_k3 <- var(subset(x
var_score_k4 <- var(subset(x
var_score_k5 <- var(subset(x
var_score_k6 <- var(subset(x
n_kl <- table(evals$gender,
n_k2 <- table(evals$gender,
n_k3 <- table(evals$gender,
n_k4 <- table(evals$gender,
<- table(evals$gender,

<- table(evals$gender,
ss_error_kl <- var_score_k1
ss_error_k2 <- var_score_k2
ss_error_k3 <- var_score_k3
ss_error_k4 <- var_score_k4
ss_error_k5 <- var_score_k5
ss_error_k6 <- var_score_k6

ss_error <- sum(ss_error_k1l, ss_error_k2, ss_error_k3, ss_error_k4, ss_error_k5, ss_error_k6)

n <- length(evals$score)
k_model <- 6

df_error <- n - k_model
ms_error <- ss_error / df_er

evals, "female"
evals,
evals,
evals,
evals,
evals,
evals$rank)[["fe
evals$rank)[["fe
evals$rank)[["fe
evals$rank)[["
evals$rank)[
evals$rank)[
(n_k1l - 1)
(n_k2 -
(n_k3 -
(n_k4
(n_k5
(n_k6 - 1)

& rank

ror

)

Score

MS
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Explained variance (full model)

Formulas

MS =1.638715

Variance Sum of squares df Mean squares  F-ratio 1 model
_— e e e e e e e e e e e e e e e e e o e e e o e !
Model SS =Y m(Xr — X)? k —1 SSuua MSmogel B
I model = X k(X — X) model — T 1 2
G G SS MS,
A SSa = Y Xk — X)? ko —1 28 -
A =2 - X 4 di MSerer : :
_ 5 oo S MSy = . 8 -
B SSp = X m(Xx — X) ks — 1 = — i o ‘
SSam MSas = ~~ = i »
AB SSaxB = SSmodel — SSA — SSB  dfa X df -
dfap MSerror . .
Error SS = Z SZ( -1 N —k SSerror |mmmuuu|||u||||n|mn||-u-||-||u|-ur' L
eror = X 53 (i model = = TR :
SS, < “
Total SStotal = SSmodel + SSerror N-1 d%ﬁl a0
‘ota
e
Q
O
» v |
el
mean_score <- mean(evals$score)
mean_score_k1l <- mean(subset(x = evals, gender : : ng", select = ri drop = TRUE)) o _
mean_score_k2 <- mean(subset(x = evals, gender L snure track", select = ', drop RUED) e
mean_score_k3 <- mean(subset(x = evals, gender :
mean_score_k4 <- mean(subset(x = evals, gender a c C drop = TRUE))
mean_score_k5 <- mean(subset(x = evals, gender ] 2 P , drop = TRUE))
mean_score_k6 <- mean(subset(x = evals, gender r drop = TRUE)) 7o)
ss_model_k1 <- n_k1l * (mean_score_kl - mean_score)A2 o~

ss_model_k2 <- n_k2 * (mean_score_k2 - mean_score)A2

ss_model_k3 <- n_k3 * (mean_score_k3 - mean_score)

ss_model_k4 <- n_k4 * (mean_score_k4 - mean_score)AZ [ T T T
*
*

ss_model_k5 <- n_k5 * (mean_score_k5 - mean_score)A2

(mean_score_k6 - mean_score)A2 0 100 200 300

ss_model_k6 <- n_ké
ss_model <- sum(ss_model_k1, ss_model_k2, ss_model_k3, ss_model_k4, ss_model_k5, ss_model_k6)
df_model <- k_model - 1

ms_model <- ss_model / df_model

ms_model / ms_error

Lecturer
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Explained variance (gender

Formulas MS =2.260213

Variance Sum of squares df Mean squares  F-ratio 1 gender
- . _ %)2 SS ot MS e :
"1°dfl  SSmogel = Y X — X) Kmodet =1 -7 - S K
= v, — ¥)2 _ SSa MSa
A SSa = X mX — X) ka -1 dty MS o v h .
= Y, — ¥)2 _ SSp MSg - - S s
B SSp = X m(Xx - X) kg =1 dfy MSeror v | T
<
ss Ms, T . 5
AB SSaxB = SSmodel — SSA — SSB  dfa X df df:: W:ir : :
SSerror
Error SSerror = Z S%(”k - 1) N - kmodel af
error o
SSiota < 7
Total Sslolal = Ssmodel oy SSerror N-1 ﬁ % ~
o 3 T
Q
&)
2] D
2]
o
]
mean_score_female <- mean(subset(x = evals, subset = gender o ; "score", dro
mean_score_male <- mean(subset(x = evals, subset = gender "ma ', drop = 0
n_female <- table(evals$gender)[["female"]] &
n_male <- table(evals$gender)[["male"]]
ss_female <- n_female * (mean_score_female - mean_score)A
ss_male <- n_male * (mean_score_male - mean_score)A [ T I I
iség:zzir:-“sum(ss,female, ss_male) 0 100 200 300
df_gender <- k_gender -
ms_gender <- ss_gender / df_gender Lecturer

ms_gender / ms_error
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Explained variance (rank)

Formulas

MS _ =0.7945727

Variance Sum of squares df Mean squares  F-ratio 1 rank
- v )2 SSmodel MSodel .
Model SSmodel = X, ni(Xx — X) kmodel — 1 Wy MS.e 8 =D
_ v, _ v)\2 _ SSa MS,
o S84 = L m X - X) ka =1 di, MSerer . .
_ - _ SSp MS5 I T - -
B SSp = X m(Xi — X) ks —1 dfy MSerer w . o
7777777777777777757577771\;577 < — ; _-— -
AB SSaxB = SSmodel — SSA — SSB  dfa X df deE MSAB'
AB error
SSerror
Error SSerror = Z S%(”k =) N = kmodet af
error o
SSuotal < 7
Total SStotal = SSmodel + SSerror N-1 ﬁ -
o D
Q
O
o v |
el
o
el
mean_score_teaching <- mean(subset(x = evals, subset = rank " ching", select = "s " IU5))
mean_score_tenure_track <- mean(subset(x = evals, subset tenure track" drop = TRUE))
mean_score_tenured <- mean(subset(x = evals, subset = rank e core", drop = TRUE))
n_teaching <- table(evals$rank)[["te

n_tenure_track <- table(evals$rank)[[ 2 track" 3 .
n_tenured <- table(evals$rank)[["tenur ]
ss_teaching <- n_teaching * (mean_score_teaching - mean_score)A

ss_tenure_track <- n_tenure_track * (mean_score_tenure_track - mean_score)A
ss_tenured <- n_tenured * (mean_score_tenured - mean_score)A

ss_rank <- sum(ss_teaching, ss_tenure_track, ss_tenured) 0 100 200 300
k_rank <-

df_rank <- k_rank - 1

ms_rank <- ss_rank / df._ Lecturer

ms_rank / ms_error
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Explained variance (gender x rank)

Formulas F = 7.727288 (6.572717)

Variance Sum of squares df Mean squares  F-ratio & genderxrank
Model SSmodel = 2, mk(Xx — X)? Kmodet — 1 Sdfs:ﬁ %‘X‘
A SSa = X m(Xx — X)? ka -1 % nﬁi\m
B SSp = Y m Xy — X)? ks —1 % Nl{vil
| 4B SSaxis = SSmotel — SSa — SS5 dfa X dfs o ;"SSE’ . _
el SSerror = X s7(nk — 1) N — Kmodel %
Total SSiotal = SSmodel + SSerror N-1 -

Density

0.00 0.05 0.10 0.15

F Statistic
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TUAT 1S A DEEP
PHILOSOPHICAL
QUESTION,
ACTUALLY.

WHAT I | ONLY
T DEPENDS ON WHETHER] WAVE ONE
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INFORMATION (wmcu

1S SINGULAR). TREN You HAVE
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GRAMMATICAL
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INFDRJ‘MION +DK\7\-'FMT5

WWW.PHDCOMICS.COM

lllustration by Jorge Cham

15:00
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https://phdcomics.com/
http://www.youtube.com/watch?v=1gQJUjgCqrU

What's your type?

library(“ez”)
ez:.ezANOVA(data = evals,
dv = score,
wid = ID,
between = c(gender, rank),
type = 2,

return_aov = TRUE)

with(evals, table(gender, rank)) # balanced?
aov(); anova() # type |

car::Anova() # type ll/lll (type Il requires
contrasts)

ez::ezANOVA() # type I/1I/11l (default is II)

Type |, Il and llI
e | (sequential): SS(A), SS(B | A), SS(AB | A, B)
e |l (hierarchical): SS(A| B), SS(B | A), SS(AB |
A, B)
e Il (unique): SS(A| B, AB), SS(B | A, AB),
SS(AB | A, B)
Type |, Il or 111?
e Balanced? l/ll/llI
e Highest-order interaction of interest? I/11/111
e Unbalanced, no significant interaction? |l
e Confused? Check robustness and consult a

statistician.
SPSS? lli

17


https://link.springer.com/article/10.1023/A:1023260610025

Mean
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gender
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a‘z male

18



Multiple comparisons

22 Contrast

e Planned comparison
e Theoretical interest
e High power
e High precision

»~ Post hoc

e Unplanned comparisons
e Explore all differences
e Adjust t value for inflated type | error?

Multiple comparisons problem

Mean

46~

44-

42-

40-

gender
~+- female

-4 male

' ' L
teaching tenure track tenured
rank

19


https://en.wikipedia.org/wiki/Multiple_comparisons_problem

ANOVA meets linear regression

2

0


https://seeing-theory.brown.edu/regression-analysis/index.html#section3
https://seeing-theory.brown.edu/regression-analysis/index.html#section3
https://en.wikipedia.org/wiki/Wrapper_function

Repeated measures anrd-mixed ANOVA

Problem: ¢ Q. Which drug improves sleep the most
length)?
DrugA: '@ — & (fength)
i H. No hypothesis, let’s explore!
DrugB: & - & yp P
E. In the sleep data set, ...

21



Decomposition of variability

Total variability

Between variability

Formulas

Variance  Sum of Squares df Mean F-ratio
Squares

BEtWeeN  SSyenmeen = SSiowat = SSwithin - DFotat = DFwithin e

Within SSyithin = Y, 8+ (ni — 1) (ni = Dn %

* Model SSmodel = 3, n(Xr — X)? k-1 % Zi’::’:

“EMMOF  §Suror = SSwitin = SSmodel  (n= Dk =1)  poerr

Total SSiotat = 52,30q@™ = 1) N-1 L

Where n; is the number of observations per person and & is the number of conditions.
These two are equal for a one-way repeated ANOVA. Furthermore n is the number of
subjects per condition and N is the total number of data pointsn X k.

22



Total

Formulas

Variance  Sum of Squares df Mean F-ratio
Squares
SSherween
Between SSbetween = SStotal - SSwithin DFtotal - DFwithin m ©
Within SSwithin = X, 57 (n; — 1) (ni — Dn % = o
« Model — v v\2 _ SSmodel MS,0ie1 w < —
-_— SS”wdel Z Ttk (Xk X) k 1 DF yoder MSerror “Ch’ O () (
* Error SSerror = SSwithin — SSmodel (n—Dk-1) % % i
3 58St — o
Total SStotal = ngmi(N -1 N-1 TM‘:’ % ™ @ o
Where n; is the number of observations per person and k is the number of conditions. E “ o (0] © O
These two are equal for a one-way repeated ANOVA. Furthermore n is the number of k™, _ o!'b b o
subjects per condition and N is the total number of data pointsn X k. Ll © i
XS = N
(0]
| | | | |
2 4 6 8 10
Student ID

23



Within

Formulas

Variance  Sum of Squares df Mean F-ratio
Squares

SSpetween
Between SSpetween = SStotal — SSwithin - DF total — DF yithin ﬁ

Within SSwithin = X, 57(ni — 1) (ni — Dn % w0 -

‘Model  §5,00 = TmKi X2 k-1 S M <+ - 3)_‘1? |
“EMOT  SSerror = SSwithin — SSmodet  (n— Dk =1)  pr= ™ -

ol SSu=s,WN-1)  N-1 S ~ - g

1
|
(C

Where n; is the number of observations per person and k is the number of conditions.
These two are equal for a one-way repeated ANOVA. Furthermore n is the number of
subjects per condition and N is the total number of data pointsn X k.

Extra Sleep (hrs)

E
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Student ID



Model

Formulas

Variance  Sum of Squares df Mean F-ratio
Squares
Between S, ncen = SSioiat = SSwithin  DFiotat = DFwithin =
Within SSyithin = X, 52 (ni — 1) (ni — Dn %
* Model SSmodet = L m(Xx —X)? k-1 % %’i’
“EMOT  SSerror = SSwithin — SSmodet  (n— Dk =1)  pr=
ol SSu=s,WN-1)  N-1 S

Where n; is the number of observations per person and k is the number of conditions.
These two are equal for a one-way repeated ANOVA. Furthermore n is the number of
subjects per condition and N is the total number of data pointsn X k.

Extra Sleep (hrs)

12 3 45
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O

o
/

Student ID
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F =16.50088

0.04
|

Density
0.02
L

0.00
L

F Statistic
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Cooling down

28



=2 What did we learn?
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& What will we learn next week?

Topics

Statistical reasoning
Empirical cycle
Probability distributions
Frequentist inference
Sample / sampling distribution
Central limit theorem
Normal distribution
P-value

Type l/ll errors

Effect size

Confidence interval
Power

Test statistics

Linear regression

t-Test

Moderation
F-distribution
Nonparametric inference
ANOVA

Bayesian inference

Whet om
I r'\«}\/\'\'

lllustration by Jennifer Cheuk
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https://www.jennifercheuk.com/

¥ Take-home assignments

Weekly assignment

WMI mywey ii"' i i i Tmwm 'WWNWI

lllustration adapted from Snippets.com

31


http://snippets.com/how-much-does-beer-consumption-vary-by-country.htm

Colophon

Slides
alexandersavi.nl/teaching/

License

Statistical Reasoning by Alexander Savi is licensed under a Creative Commons
Attribution-ShareAlike 4.0 International License. An Open Educational Resource.
Approved for Free Cultural Works.
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https://www.alexandersavi.nl/teaching/
https://creativecommons.org/licenses/by-sa/4.0/
https://creativecommons.org/licenses/by-sa/4.0/
https://en.wikipedia.org/wiki/Open_educational_resources
https://en.wikipedia.org/wiki/Definition_of_Free_Cultural_Works

