Statistical Reasoning

3. Linear Regression & T-test
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Previously, on statistical reasoning



Professor Bumbledorf conducts an experiment, analyzes the data, and reports:

. ... | The 95% confidence interval
PreV|OUS|y, on Stat|St|( for the mean ranges from 0.1

to 0.4!

The probability that the true mean is greater than 0 is at least 95%.

The probability that the true mean equals 0 is smaller than 5%.

The “null hypothesis” that the true mean equals 0 is likely to be incorrect.
There is a 95% probability that the true mean lies between 0.1 and 0.4.

We can be 95% confident that the true mean lies between 0.1 and 0.4.

If we were to repeat the experiment over and over, then 95% of the time the
true mean falls between 0.1 and 0.4.

SRS

Hoekstra et al., 2014



https://doi.org/10.3758/s13423-013-0572-3

Previously, on statistical reasoning
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What will we learn today?

Topics

Statistical reasoning
Empirical cycle
Probability distributions
Frequentist inference
Sample / sampling distribution
Central limit theorem
Normal distribution
P-value

Type l/ll errors

Effect size

Confidence interval
Power

Test statistics

Linear regression
-Test

Questions



Estimating relationships between variables

Base de dados das Flores de iris

Versicolor

lllustration by Diego Mariano

Virginica

Q. Are the dimensions of the petals and sepals
of the iris flower related?

H. The length of a petal is related to the length
and the width of a sepal.

E. ..

str(iris)

'data.frame": 150 obs. of 5 variables:

$ Sepal.Length: num 5.1 4.9
$ Sepal.Width : num 3.5 3 3.
$ Petal.Length: num 1.4 1.4
$ Petal.Width : num 0.2 0.2
$ Species : Factor w/ 3 levels "
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A data set made famous by Ronald Fisher and
with its very own Wikipedia page.
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https://commons.wikimedia.org/wiki/File:Flores_de_%C3%8Dris.png
https://en.wikipedia.org/wiki/Ronald_Fisher
https://en.wikipedia.org/wiki/Iris_flower_data_set

Statistical model

Choroidal fissure

Model formulae in R:

y ~ model

e vy :dependent variable
e ~:“ismodeled by’
e model : independent variable(s)

Outcome = Model + Error

e Perseverance = Student Population + Perseverance ~ Student_Population
Error Petal.Length ~ Sepal.Length + Sepal.Width
e Petal Length = Sepal Length + Sepal Grade ~ Attendance * Assignments

Width + Error


https://www.rdocumentation.org/packages/stats/versions/3.6.2/topics/formula

Regression analysis

“ Regression analysis is a set of statistical
processes for estimating the relationships
between a dependent variable (often
called the ‘outcome' or ‘response’ variable,
or a 'label' in machine learning parlance)
and one or more independent variables
(often called ‘predictors’, 'covariates’,
'explanatory variables' or 'features’).

— Wikipedia
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. Ordinary least squares (OLS) demonstration
by Seeing Theory (used in core R function)
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https://en.wikipedia.org/wiki/Regression_analysis
https://seeing-theory.brown.edu/regression-analysis/index.html#section1

Multiple linear regression

45 55 6.5 75

Ly R Outcome = Model + Error
88 éb°° 0o SR C . _
Petal.Length B o Y, =... +e,
o =L L X (simple lin. reg.)

=LA X L+ 5 X (multiple lin. reg.)

I T

45 60 75

Petal Length. = 5+ g, Sepal Length. + 5, Sepal
Width. + e,

I ; 20 25 30 3?5 470 ﬁ
mod <- Petal.Length ~ Sepal.Length +
Sepal.Width

fit <- Im(formula = mod, data = iris, method =
"qr’)

summary(fit); resid(fit); confint(fit)

rrrri

20 30 40




Results

Residuals: Added-Variable Plots
Min 1Q Median 3Q Max
-1.25582 -0.46922 -0.05741 0.45530 1.75599

Coefficients:

Estimate Std. Error t value Pr(>ltl)
(Intercept) -2.52476 0.56344 -4.481 1.48e-05 ***
Sepal.Length 1.77559 0.06441 27.569 < 2e-16 ***
Sepal .Width -1.33862 0.12236 -10.940 < 2e-16 ***

Petal.Length | others
Petal.Length | others

Signif. codes:
QR X2 QT00NN XA NQT QTN (105 BTN O RN

Sepal.Length | others Sepal.Width | others

Residual standard error: 0.6465 on 147 degrees of freedom
Multiple R-squared: 0.8677, Adjusted R-squared: @.8659
F-statistic: 482 on 2 and 147 DF, p-value: < 2.2e-16

Petal Length. = -2.52 + 1.78 x Sepal Length, + “| others” = holding the other variables constant
—1.34 x Sepal Width. + e,

12



R%0.06

REXTHOR, THE DOG-BEARER

T DONT TRUST UNEAR REGRESSIONS WHEN ITS HARDER
0 GUESS THE DIRECTION OF THE CORRELATION FROM THE
SCATTER PLOT THAN TO FIND NELJ CONSTELLATIONS ON IT.

lllustration by Randall Munroe (wtf)



https://xkcd.com/1725/
https://xkcd.wtf/1725/

# statistical significance of predictors
summary(fit)

# multiple R? (explained variance) - 0051, 22 0068
observed <- iris$Petal_Length
expected <- fitted(fit)
cor(observed, expected)*2

Outcome (Observed Petal Length)
123 45 67

1 2z 3 4 5 6 7

# F statistic

Model (Expected Petal Length)

# model comparison

mod_0 <- Petal.Length ~ Sepal.Length
fit_ 0 <- Im(formula = mod_0, data = iris)
anova(fit, fit_0)

# predictive validity
predict(fit, new_data)
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Assumptions

library("easystats")

performance::.check_model(fit)

Posterior Predictive Check
Model-predicted lines should resemble observed data line
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Residuals

Fitted values

Influential Observations
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Influential observations

Leys et al., 2019:

10

e FError outliers
e Interesting outliers
e Random outliers

Cook’s distance

Interpretation and solutions

X3

Posterior Predictive Check
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https://doi.org/10.5334/irsp.289
https://easystats.github.io/performance/articles/check_model.html#influential-observations---outliers

Homogeneity of variance

“ [T]he variance of the residuals across
different values of predictors is similar and
does not notably increase or decrease.

— Performance package

Also, homoscedasticity.

Interpretation and solutions
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Model-predicted lines should resemble observed data line Reference line should be flat and horizontal
05 N
0.4
z 09 ]
2 S
3 7]
o 02 «
0.1
» .
0.0 1.0 °
5 6 7
Fitted values
— — = = eehegdn i ) )
Homogeneity of Variance | Influential Observations
| Reference line should be flat and horizontal I Points should be inside the contour lines
I . : |
1 15 . e I |
| 10
@ l,
I |= ]
3 13
I[g 1 2 ]
2 Ie
I = 3
: 2 13
05 I -0
: I
: |
| 5 6 7 I 0.00 0.02 0.04 0.06
| Fitted values Leverage (h;)
____________ -
Collinearity Normality of Residuals
High collinearity (VIF) may inflate parameter uncertainty Dots should fall along the line
3
10
.
2 {o
g
ST 5 g
TP =
£EZ g
o g o
s
oL 3 @
5 =
55 5
> 9 %]
&
2
l l 3 e
1
Petal.Length Sepal. Width -2 E] 0 1 2

Standard Normal Distribution Quantiles
¢ Low (<5)

17


https://easystats.github.io/performance/articles/check_model.html#homogeneity-of-variance---detecting-heteroscedasticity
https://easystats.github.io/performance/articles/check_model.html#homogeneity-of-variance---detecting-heteroscedasticity

Multicollinearity

Explanation vs. prediction

Interpretation and solutions

Posterior Predictive Check
Model-predicted lines should resemble observed data line
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https://easystats.github.io/performance/articles/check_model.html#multicollinearity

Linearity

Outcome (Observed Petal Length)

2 3 4 5 6 7

1

r=0.931,r2=10.868

Model (Expected Petal Length) o

Interpretation and solutions

10
X2

Posterior Predictive Check

Model-predicted lines should resemble observed data line
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https://easystats.github.io/performance/articles/check_model.html#linearity

Statistical model Il

y ~ x # with intercept
y ~ 1+ x # with intercept
y ~ 0 + x # without intercept

y~Xx+z #add aterm

y ~X -z #remove a term

y ~I(x + z) # sum two terms

y ~ X:z # create an interaction term

y ~ X * z # create crossed terms (x + z + x:z)
y ~ X %in% z) # create nested terms (x + x:z)

and there’s more...

Traditional name Model formula R code

Bivariate regression Y ~ X1 (continuous) (Y ~ X)

One-way ANOVA Y ~ X1 (categorical) (Y ~ X)

Two-way ANOVA Y ~ X1 (cat) + X2(cat) (Y ~ X1 + X2)

ANCOVA Y ~ X1 (cat) + X2(cont) (Y ~ X1 + X2)

Multiple regression Y ~ X1 (cont) + X2(cont) (Y ~ X1 + X2)

Factorial ANOVA Y ~ X1 (cat) * X2(cat) Il Xt w 12) or Anlyis

X1 + X2 + X1:X2)

Table from An Introduction to R

. Nearly anything can be described with a
(generalized linear) regression model. A cheat
sheet for model formulae. Understand the f-test
and ANOVA as a linear model (cheat sheet).

20


https://intro2r.com/simple_lm.html#simple_lm
https://en.wikipedia.org/wiki/Generalized_linear_model
https://conjugateprior.org/2013/01/formulae-in-r-anova/
https://conjugateprior.org/2013/01/formulae-in-r-anova/
https://statsthinking21.github.io/statsthinking21-core-site/comparing-means.html#ttest-linear-model
https://statsthinking21.github.io/statsthinking21-core-site/comparing-means.html#comparing-more-than-two-means
https://lindeloev.github.io/tests-as-linear/

CURVE-FITTING METHODS

PND THE MESSAGES THEY SEND
“HEY, DDA "L UANTED A CURVED LoOK, 115
REGRESSION” UNE, 50 T MADE ONE TAPERING OFF"
UITH MATH

*IM SOPHISTICATED, NOT
LIKE THOSE BUMBUNG
POLYNOMIAL PEOPLE

P

L |
“I NEED TO CONNECT THESE  “USTEN, SCENCE 15 HARD. “L HAVE A THEORY,

TWO UNES, BUT MY FIRST IDEA  BUT I A SERIOUS AND THIS IS THE ONLY

DIDN'T HAVE ENOUGH MATH:  PERSON DOING MY BEST" DATA T COULD FIND®
"I CLICKED ‘SMOOTH “L HAD AN IDEA FOR HOU “PS YOU CAN SEE, THIS
UNES' N EXCELY To CLEAN UP THE DATA. MODEL SMOOTHLY FITS
WHAT DO YOU THINK?" THE- WAIT OO DONT

EXTEND IT APARAR!"

lllustration by Randall Munroe (wtf)

15:00


https://xkcd.com/2048/
https://xkcd.wtf/2048/
http://www.youtube.com/watch?v=1gQJUjgCqrU

Comparing two means with Student’s f-test

7.

Déja vu?

Sampling Distribution

05
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0.3

0.2

0.1

0.0

20 22 24 26

Perseverance Sample Mean

Normal distribution
mu = population mean
sd = standard error of sample mean

Sampling Distribution

04

03

0.2

0.1

0.0

T T T
-6 -4 -2 0 2 4 6
Perseverance Sample t Statistic

Student’s t-distribution
df=n-1
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https://www.scientificamerican.com/article/what-causes-the-feeling-of-deja-vu/

A

Student’s t-statistic

Standardization (mean 0; sd 1)

Sample: (observation — sample mean) / sd

t = (sample mean — u) / se

sample mean = 24
u=232

sample sd = 2.75
n =20

t=(24 - 23.2)/ (2.75 / V(20)) = 1.2996

pt(1.2996, df = 20-1, lower.tail = FALSE) #
probability of t or higher

t.test(dat, mu = 23.2, alternative = "greater") #
one sample t-test

23



A

Student’s t-statistic

“ The key property of the f-statistic is that it
is a pivotal quantity — while defined in
terms of the sample mean, its sampling
distribution does not depend on the
population parameters, and thus it can be
used regardless of what these may be.

— Wikipedia

distibution of the sample means distibution of the t-values

600
600
|

"] == rnorm(10,3,2)
s rnorm(10,-2,5)

Frequency
300 400 500
| |

Frequency
200 300 400 500
| | |

200

100
100



https://en.wikipedia.org/wiki/T-statistic#Use

Student’s t-distribution

What are the degrees of freedom at the
dashed line?

If there is a difference in population means,
is it easier to find a significant effect with a larger
sample size?

%S Web simulation by Kristoffer Magnusson.

Density

0.4

0.3

0.2

0.1

0.0

Comparison of t-distributions

t-distributions
— df=1
df=4
- df=10
df = 30
- 7

25


https://rpsychologist.com/d3/tdist/

Effect size

R2

R2=£/ (£ + df)

Cohen’s d

R Psychologist

26


https://rpsychologist.com/cohend/

Linear regression

Residuals:
Min 1Q Median 3Q Max
-1.25582 -0.46922 -0.05741 0.45530 1.75599

Coefficients:

Estimate Std. Error t value Pr(>ltl)
(Intercept) -2.52476 _ _0.56344 -4.481 1.48e-05 ***
Sepal.Length 1.77559
Sepal .Width -1.33862 0.12236 -10.940 < 2e-16 ***
Signif. codes:
@ 2x 2R QLQQTN X ENGIANNE £ ATAS5 R TR Qe 2]

Residual standard error: 0.6465 on 147 degrees of freedom

Multiple R-squared: 0.8677, Adjusted R-squared:
F-statistic: 482 on 2 and 147 DF, p-value: < 2.2e-16

Compute t-statistic for 5, (same procedure as for
the mean): t = (1.776 - 0) / 0.064 = 27.569

Common name

Built-in function in R

Equivalent linear model in R

y is independent of x
P: One-sample t-test
N: Wilcoxon signed-rank

t.test(y)
wilcox.test(y)

Im(y ~ 1)
Im(signed_rank(y) ~ 1)

P: Paired-sample t-test
N: Wilcoxon matched pairs

t.test(ys, y2, paired=TRUE)
wilcox.test(y1, y2, paired=TRUE)

Im(yz -y ~ 1)
Im(signed_rank(y: - y1) ~ 1)

y ~ continuous x
P: Pearson correlation
N: Spearman correlation

cor.test(x, y, method="Pearson’)
cor.test(x, y, method="Spearman’)

Im(y ~ 1+ x)
Im(rank(y) ~ 1 + rank(x))

y ~ discrete x

P: Two-sample t-test
P: Welch’s t-test

N: Mann-Whitney U

t.test(ys, y2, var.equal=TRUE)
t.test(ys, y2, var.equal=FALSE)
wilcox.test(y, y2)

Im(y ~ 1+ G2)*
gls(y ~ 1 + G, weights=...5)"
Im(signed_rank(y) ~ 1 + Gz)*

0.8659

Table by Jonas Kristoffer Lindelgv

Z Always use the Welch'’s t-test (for unequal

variances).

27


https://lindeloev.github.io/tests-as-linear/
https://daniellakens.blogspot.com/2015/01/always-use-welchs-t-test-instead-of.html

Cooling down

lllustration by Randall Munroe (wtf)
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https://xkcd.com/1347/
https://xkcd.wtf/1347/

Suppose you have a treatment that you suspect may alter performance on a certain task. You

compare the means of your control and experimental groups (say 20 subjects in each sample).

W h at d i d W e I e a rn f) Further, suppose you use a simple independent means t-test and your result is significant (t =

WN

Sl

2.7, d.f. = 18, p = 0.01). Please mark each of the statements below as “true” or “false.” “False”

moanc that tha ctatamant dnec nat fallawr lacicallyy fram tho ahnva nramicace Alen nate that

You have absolutely disproved the null hypothesis (that is, there is no difference
between the population means).

You have found the probability of the null hypothesis being true. =
You have absolutely proved your experimental hypothesis (that there is a difference
between the population means).

You can deduce the probability of the experimental hypothesis being true.

You know, if you decide to reject the null hypothesis, the probability that you are
making the wrong decision.

You have a reliable experimental finding in the sense that if, hypothetically, the
experiment were repeated a great number of times, you would obtain a significant
result on 99% of occasions.

en

Gigerenzer, 2004 &

4. You can deduce the probability of the experimental hypothesis being true.

P e pony


https://doi.org/10.1016/j.socec.2004.09.033

Take-home assignments

Weekly assignment

WMI mywey ii"' i i i Tmwm 'WWNWI

lllustration adapted from Snippets.com
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http://snippets.com/how-much-does-beer-consumption-vary-by-country.htm

Take-home assignments

i=| Fake news “News consumption helps against polarization”

Find a headline that incorrectly states a causal
relationship instead of a correlation, and post it
in the discussion forum.

| Nieuwsconsumptie helpt
' tegen polarisatie

T USED 0 THINK, THEN I TOOK A | | SOUNDS LKE THE
CORRELATION MPUED STAnsI»cs CLASS. Cmss HELPED.
CAVSATION. Now I DON'T WELL, MAYBE

. Polarisatie wordt vaak in verband
gebracht met desinformatie en

' echokamers. Onderzoeker Magdalena
Wojcieszak stelt dat er een factor is

Better informed citizens have more stable | <;‘_ al 3 ! tudes waarover we ons lniSSChien meer
zorgen moeten maken: het gebrek aan
onze online consumptie van

kwaliteitsnieuws.

____________________________________________________________________

lllustration by Randall Munroe (wtf) Video from University of Amsterdam
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https://xkcd.com/552/
https://xkcd.wtf/552/
https://youtu.be/Wn0yc9BLYQU

